Abstract. Under relatively mild and natural conditions, we establish an integral period relations for the (real or imaginary) quadratic base change of an elliptic cusp form. This answers a conjecture of Hida regarding the congruence number controlling the congruences between this base change and other eigenforms which are not base change. As a corollary, we establish the Bloch-Kato conjecture for adjoint modular Galois representations twisted by an even quadratic character. In the odd case, we formulate a conjecture linking the degree two topological period attached to the base change Bianchi modular form, the cotangent complex of the corresponding Hecke algebra and the archimedean regulator attached to some Beilinson-Flach element.
Introduction
Describing the Deligne period (or Beilinson regulator) of a motif obtained by tensor, direct sums, dual of other motives is a rather straightforward linear algebra computation. On the other hand, when this motif is associated to an automorphic representation obtained by some instance of Langlands functoriality, establishing the period relation up to an algebraic number between the one obtained from the cohomology of a new Shimura variety (or more generally the corresponding locally symmetric domain) and the one of the original motif is more or less equivalent to knowing the Hodge and Tate conjectures in the case considered. Establishing the corresponding period relation without assuming the latter has been obtained in many cases from integral representations of L-functions together with certain non-vanishing results or assumptions. Many results have been obtained after for example the works of Shimura [Sh83] , Blasius [Bl86] , Harris [Ha97] and more recently by H. Grobner, M. Harris and J. Lin [GHL] just to quote a few.
On the other hand, establishing the same period relations up to a p-adic unit with similar arguments would require to use the non-vanishing modulo p of many L-values. Since very few of those are known, it turns out that proving integral period relations is usually very difficult and very few general examples are known (see for instance [GV00, Pr08] ). Equivalently, it is a straightforward exercise to see that in many cases, the integral period relations to be studied is equivalent to some instance of the Bloch-Kato conjecture or relations between various congruence numbers.
The purpose of this work is to deal with case where the Langlands functoriality is the base change for cuspidal representations of GL(2). We hope it will convince the reader of the importance of the phenomena alluded before about the link between integral period relations, factorization of congruence numbers and the Bloch-Kato conjecture.
Let us denote by Ad the degree 3 representation given by the adjoint action of GL 2 on sl 2 = Lie(SL 2 ). Let f ∈ S k (Γ 0 (N )) be a primitive cuspform of weight k ≥ 2 and level N . Let K f be the field generated by its Hecke eigenvalues. Let χ be a Dirichlet character and ν = 0, 1
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such that χ(−1) = −(−1) ν . We define, following [H99, Section 2.5] the Gamma factor of the motive Ad(ρ f ) ⊗ χ as Γ(Ad(ρ f ) ⊗ χ, s) = Γ C (s + k − 1)Γ R (s + ν)
where Γ C (s) = 2·(2π) −s Γ(s) and Γ R (s) = π −s/2 Γ( s 2 ). By self-duality of Ad(ρ f ), the functional equation [GJ78] for the complete L function Λ(Ad(ρ f ) ⊗ χ, s) = Γ(Ad(ρ f ) ⊗ χ, s)L Ad(ρ f ) ⊗ χ, s)
relates s and 1 − s. The special value at s = 1 is critical if and only if χ is even (that is, ν = 1). However, there are precise rationality and even integrality results.
If χ is an even Dirichlet character of conductor prime to N , let G(χ) be the Gauss sum associated to χ and K f (χ) be the field generated over K f by the values of χ. we have
(see [St80] and [H90] ). See Section 3 below for the precise definition of the Manin periods Ω + f
and Ω − f . If χ is quadratic, Hida [H99] established integrality results for χ even or odd (the periods are different in the odd case, as expected, since it is a non critical value). He also formulated a Conjecture [H99, Conjecture 5.1] relating this value to the cardinality of the non base change congruence module of C 1 -type. In this paper, we prove this conjecture as stated by Hida for an even quadratic character. In the odd case, we prove a similar statement but one needs to replace the congruence module of C 1 -type by the one of C 0 -type. These numbers are not the same in that case as the Hecke algebra is not complete intersection in general as some torsion might occur in the cohomology of the corresponding Bianchi variety.
These results rely on integral period relations that we need to establish. We do so by proving two divisibilities between periods and certain L-values and then non base change congruence numbers by using two complementary tools: The first one is a theorem of Cornut-Vatsal [C02] and [Va02] (and Chida-Hsieh [CH16] ) non vanishing modulo p theorem, and the second one is Hida's integral linear form on H 2 of the modular variety for GL(2, F ) (either a Hilbert surface or a Bianchi hyperbolic threefold) whose kernel is generated by the Hecke eigenclasses on H 2 associated to cusp forms on GL(2, F ) which do not come from base change. If the theorems of Cornut-Vatsal [C02] and [Va02] (and Chida-Hsieh [CH16] ) could allow a non trivial Nebentypus, we could actually prove Hida's Conjectures for a form f ∈ S k (Γ 1 (N )) (as Hida's integral linear form on H 2 does allow forms with non trivial Nebentypus). However, since these results are not yet available we restrict ourselves to the trivial Nebentypus case in this paper.
Results relating (twisted) special adjoint L values to congruence numbers do not require R = T theorems. Rather, they make use of the multiplicity one property, which is valid under mild assumptions. Our results on integral period relations do therefore have no need of the stronger assumptions necessary to identify universal deformation rings with Hecke algebras, however those will be needed for our application relating these special L values to the cardinality of Selmer groups.
In order to state our main results, some precision is now in order. We fix integers k ≥ 2 and N ≥ 1. Throughout this work p will be an odd prime bigger than k − 2 and prime to 6N ϕ(N ), although the primes dividing ϕ(N ) could also be included, with some more care. Let O be the valuation ring of a "sufficiently big " p-adic field (containing the eigenvalues of f and certain Dirichlet characters) and m be the maximal ideal of the Hecke algebra h k (N ; O) associated to the reduction of f modulo the uniformizer ̟ of O. We denote by T the localization of this Hecke algebra at m.
We will assume throughout that the residual Galois representation associated to f is irreducible. In other words, f is non-Eisenstein at p.
Let F be a real quadratic field of discriminant D and let χ = α be the corresponding Dirichlet quadratic character. Note that s = 1 is critical for L(Ad(f ) ⊗ α, s).
Let f F be the normalized base change of f to F and m F the maximal ideal of the cuspidal Hilbert Hecke algebra h F k,k (N ; O) associated to f F . We assume throughout the paper that m F is non-Eisenstein as well. It would follow for instance from the stronger assumption about (f, p) that ρ f contains SL 2 (F p ). Let T F be the localization of h F k,k (N ; O) at m F . For every character ǫ of {±1} 2 (which we will identify as a pair of signs) Hida [H99] , (see also Section 4.1 below) one defines periods Ω ǫ f F ∈ C × /O × analogous to the Manin periods. Then, our main results (see section 4.2) are the following. Theorem 1. We assume that p > k − 2 and p is prime to 6N D · #(O F /N O F ) × . Then, for ǫ = (+, −) or (−, +), we have the period relation :
where, for A, B ∈ C × , we write A ∼ B if A = B · u for some that u ∈ O × .
Following Hida, we define (in sections 2 and 3) congruence numbers or ideals η f , η f F and η ♯ f controlling the congruences between f and other cusp forms, resp. its base changes to other Hilbert cusp forms, resp. its base change to non base change Hilbert cusp forms.
Let ρ f be the p-adic Galois representation associated to f by Eichler-Shimura and Deligne. If we moreover assume that ρ f is N -minimal 1 , p > k and has residual big image (see Section 3 below), we have R = T for f by [Wi95] , and R F = T F for f F by [Fu06] . We can therefore rewrite the congruence numbers in terms of O-Fitting ideals of Selmer groups (Sel * (Ad ρ f ) of the adjoint Galois representation Ad ρ f . Let
2 ). For any finite O-module M , let char(M ) = Fitt O (M ) be its Fitting ideal. From the works of Wiles and Taylor-Wiles and its generalization to the Hilbert setting, we obtain Theorem 2. We keep the same assumptions as in Theorem 1 and further suppose that p > k, ρ f | G F ′ is irreducible and N -minimal, then we have:
For an elliptic curve, this implies the following corollary.
Corollary 1. Let E/Q be a semistable elliptic curve of conductor N and p > 3 a prime for which E has no points of order p defined over F ′ , then if the Galois representation E[p] has conductor N we have
where
and Ω Let us state also a Corollary in the Iwasawa theory. Recall that for p-ordinary eigenform f , one of the authors [Ur06] has established one divisibity predicted by the Coates-SchmidtIwasawa-Greenberg Main Conjecture for Ad f ⊗α over the cyclotomic Z p -extension Q ∞ of Q:
is the Iwasawa algebra. Thanks to Theorem 2, we can show the equality holds in many cases.
Corollary 2. Under the same assumptions as in Theorem 2 and that either p is inert in F or that the L-invariant of f is non zero, then the Iwasawa-Greenberg Main Conjecture for Ad f ⊗α holds:
In the case F is an imaginary quadratic of discriminant −D with associated odd quadratic character α, we obtain results of a different nature as the value of L(Ad(f ) ⊗ α, s) at s = 1 is no longer a critical value. We introduce similarly the normalized base change f F of f to F . This is a Bianchi modular form of weight k and level N.O F to which one can associate two differential forms on the Bianchi variety of respective degree one and two. This allows to define two periods u 1 (f F ) and u 2 (f F ) (see Section 5.1) as in the second author's original work [Ur95] .
let h F k (N, O) be the Hecke algebra acting faithfully on the second cohomology of the Bianchi variety of level N and T F be its localization at the maximal ideal m F associated to f F . Similarly as in the real quadratic case, we define (see Section 5.2) Hecke and cohomological
for i ∈ {1, 2}. Our main result in the imaginary quadratic field case is the following Theorem.
Theorem 3. Assume that (N, D) = 1 and that the number of prime factors of N which remain inert in F is odd. Let p > k be a prime not dividing D · N · #(O F /N O F ) and suppose that f is non Eisenstein and N -minimal for this prime. Then (i) We have the period relation (up to a p-adic unit)
We have the equality (up to a p-adic unit)
We have an equality of ideals in O:
Note that the last statement is not a consequence of Hida's congruence numbers formalism which does not apply a priori since the Hecke algebra T F is not Gorenstein in general. Using the works of Calegari-Geraghty, Scholze, Newton-Thorne and others, we however can relate deformations of the Galois representations to the Hecke ring T F which is a key ingredient of the following theorem.
Theorem 4. We keep the same hypothesis as the previous Theorem and further assume (Irr F ) and (M in F ) as in Section 3. Then, we have
where L T F /O stands for the cotangent complex of T F over O.
The apparition of the degree one homology of the cotangent complex measures the defect of T F of being complete intersection. This defect is always non trivial since it was observed in [CaGe14] that T F is in general not complete intersection in this context.
A formulation of the Bloch-Kato conjecture in this setting leads us to the following conjecture that can be seen as an integral version of a conjecture of Prasanna-Venkatesh. Conjecture 1. We keep the hypothesis of Theorem 4, then the following holds:
where R f,α ∈ R × is an O-integrally well-defined archimedean regulator of a Beilinson-Flach element attached to f and α.
It results from this work that the above conjecture is equivalent to the Bloch-Kato conjecture. A direct proof without involving Selmer groups appears however very unlikely.
The paper is organized as follows. In section 2, we gather some abstract results and definitions on congruence ideals and in particular a general factorization of the congruence ideal in the base change setting. In Section 3, we recall the various definitions of periods and congruences numbers for elliptic cusp forms and the main result about them. The section 4 is devoted to our result for the base change to totally real fields. In particular, we formulate a general conjecture of an integral period relation for the base change and establish the result in the quadratic case. In passing, we extend some facts about freeness of the cohomology that are not available in the literature. In section 5, we deal with the base change to an imaginary quadratic field and discuss our result in the the perspective of the Beilinson-Bloch-Kato conjecture and its link with an integral version of the Prasanna-Venkatesh conjecture.
The formalism of the congruence modules
The goal of this section is to recall some definitions and establish some properties of congruence modules attached to characters of finite commutative algebras over a discrete valuation ring. Some of these facts are well-known to the experts but are difficult to find in the literature except for the reference [H86] . In this section O is a discrete valuation ring of characteristic zero and K is its field of fractions. For any finite O-module M , we will denote by Fitt O (M ) its Fitting ideal in O and we will write
2.1. The congruence module C 0 . In this subsection, T is a reduced, finite and flat Oalgebra or, equivalently, T is finite flat over O and T K is semi-simple. Now assume we have two semi-simple K-algebras A K and B K such that we have a factorization
We then will denote by A (resp. by B) the image of T into A K (resp. B K ) by the first (resp. the second) projection). For C = A or B, let us call λ C the projection of T onto C and by e λ C ∈ T K the corresponding idempotent of T K . For any finite T -module M which is flat over O, and for C = A or B, we put
When λ C is clear from the context, we will write M C and M C in place of M λ C and M λ C . We put
This module is called a congruence module as it measures the congruences between the algebra homomorphisms in A and B that occur in M as it is straightforward to see that the natural map M → M A , induces the isomorphisms:
and in particular we have C
We denote by c T K := (1 − e λ )T K and by c T the image of T into c T K , so that we have an isomorphism
. For any finite module T -module M which is flat over O, we therefore have in particular
Moreover, there is a canonical surjective map
Let M 1 and M 2 be two T -modules, flat over O and such that there exists a T -equivariant perfect pairing
Then we have the following.
Proposition 1. With A as above, the perfect pairing
Moreover, if λ is as above and if the modules M 1 λ , M 2 λ are rank 1 over O with respective basis δ 1 , δ 2 , then
K by orthogonality. Decomposing t = e A t + e B t, we see that m 2 ∈ e A M 2 + e B M 2 K as desired. The proof of (b) is similar. We now prove the last assertion. We consider the map from
λ are both O-modules of rank 1, this map is therefore injective and induces the isomorphism
Corollary 3. Assume that T is Gorenstein. If λ ∨ := ξ(λ) ∈ T where ξ is the isomorphism
Proof. It is a direct consequence of the last assertion of the previous proposition using the
2.2. Congruence modules for base change. We assume that T and T ′ are finite flat Oalgebras with T K and T ′ K semisimple as in section 2.1 and that we have an homomorphism θ :
When we are in such a situation, for any T ′ -module M flat over O, we put
and η
We have the following lemma:
It follows from the definition that (M T ) λ = M λ ′ , we therefore have the following exact sequence:
The claim then follows from the additivity property of Fitting ideals.
Corollary 4. We have the divisibility
If moreover T and T ′ are Gorenstein and if θ is surjective (Hida's formalism), then we have
Proof. We apply the previous lemma for M = T ′ and notice that η λ (M T ) ⊃ η λ from (3). Let's now prove the second assertion which was also proved by Hida in a slightly different way ([H88, Theorem 6.6] or [HT17, Section 8.3]). From the short exact sequence
By applying the functor Hom(·, O), we get by using the Gorenstein-ness of T ′ and T , the short exact sequence of T ′ -modules
Therefore, the exact sequence (4) provides the T -linear isomorphism M T ∼ = T and therefore η λ (M T ) = η λ which implies the claim from the previous lemma.
The following proposition will be useful.
Proposition 2. Let M be a T ′ -module which is finite over O and such that M K is of rank one over
Note that that we don't assume that M is torsion free over O as this is automatic for its
Proof. To lighten the notations, let us put N := M * . We consider the following commutative diagram
where the left bottom arrow comes from the isomorphism
2.3. The congruence module C 1 . We keep the hypothesis and notations as before except that we only require the algebra T to be finite over O and that T K is semi-simple. Let
Proposition 3. (Wiles, Lenstra) Let T and λ as above, then
Moreover if T is a local O-algebra, then it is local complete intersection if and only if the above inclusion is an equality.
Proof. We explain the inclusion which is easy. Notice that℘ λ = Ker(T λ → O) ⊂ cT and that it is a faithful cT -module. We therefore have
We observe that the left hand side is equal to η λ because of the isomorphism cT /℘ λ ∼ = O/η λ . The second assertion is more difficult and is due to Wiles 2 in [Wi95] since the equality we assume implies the equality
λ and call this ideal the Wiles defect of T with respect to λ. From the proposition above, it measures how far T is from being complete intersection. We have the following proposition.
Proposition 4. We keep the same hypothesis as above and assume furthermore that T has a presentation of the form
Then,
where L T /O stands for the cotangent complex of T over O.
We first establish the following lemma.
Lemma 2. We keep the hypothesis of the proposition. Then we have an isomorphism
where T 0 is a O-finite flat local complete intersection and f ∈ T 0 .
2 Wiles assumes T is Gorenstein but this hypothesis has been removed by Lenstra.
Proof. Let us consider
For any ideal J of a ring A and an A-module M , we denote by depth J (M ) the J-depth of M (Recall that it is the maximal length of M -regular sequences in J). Because R is regular, we have depth I S (R) = depth I R (R) = dim R − dim R/I R = 1 + g − 1 = g. Therefore we deduce that there exist y ′ 1 , . . . , y ′ g ∈ I S such that y ′ 1 , . . . , y ′ g are R-regular. Moreover, we may assume that they are not divisible by ̟ and that their image in I S /(̟, I 2 S ) is a part of a O/̟O-basis of this quotient. Therefore the y ′ 1 , . . . , y ′ g can be completed into a system of generators y ′ 0 , . . . , y ′ g for I S . Let f ′ i be the image of y ′ i in R. Then we have
) is complete intersection since the y ′ 1 , . . . , y ′ g form a R-regular sequence and T = T 0 /(f ) with f the image of y ′ 0 in R 0 . Since we do not know a reference for the fact that we can choose the y ′ i as claimed above, we now give a proof of this fact by induction on the number g of variables.
Since R is flat over O, we deduce that depth m S (R) = g + 1 where m S is the maximal ideal of S. By the Auslander-Buchsbaum formula, we therefore have pd S (R) = dim S − depth m S (R) = g + 2 − (g + 1) = 1 where pd S stands for the S-projective dimension. Equivalently, we have an exact sequence
Therefore, by induction on g, it is sufficient to show that we can find an R-regular element in
0 is exact and therefore pd S/xS (R/xR) = 1. So, we can conclude by the induction hypothesis applied to the rings S/xS and R/xR since S/xS is regular by our choice of x.
The R-regular elements are those which are not contained in any prime ideals of Ass S (R) = {P 1 , . . . , P q } which is the finite set of associate ideals of the finite S-module R. Since g ≥ 1, we know that I S is not contained in ∪ q j=1 P j and we therefore need to show that I S \I 2 S + ̟I S is not contained in ∪ q j=1 P j . Let us assume by contradiction that I S \I 2 S + ̟I S ⊂ ∪ q j=1 P j and choose x ∈ I S \I 2 S + ̟I S . Now take z ∈ I 2 S +̟I S , then for any positive integer n, we have x+z n ∈ I S \I 2 S +̟I S ⊂ ∪ q j=1 P j . Therefore there exists j 0 such that x + z n ∈ P j 0 for infinitely many n > 0. This implies that z n (1 − z m ) ∈ P j 0 for two positive integers n and m. But 1 − z m is invertible because z belongs to the maximal ideal of S. Since P j 0 is a prime ideal, this forces z to be in P j 0 ⊂ ∪ q j=1 P j . We have therefore proved that I 2 S + ̟I S ⊂ ∪ q j=1 P j and thus I S ⊂ ∪ q j=1 P j which is a contradiction since we have noticed before that I S contains at least one R-regular element.
We now return to the proof of the proposition 4.
Proof. Since T 0 is complete intersection it is in particular Gorenstein. Using the invariant pairing on T 0 , we see that
We consider the base change situation λ 0 :
As in the proof of Lemma 1, we have (5) and Proposition 1. For any ring A and B an A-algebra, we denote by L B/A the cotangent complex of B over A. The triangle associated to O → T 0 → T , gives
providing the long exact sequence
/O ] with I/I 2 is placed in degree −1. In particular, one sees that
is the kernel of the canonical map
which is injective since we know that the source and targe are free O-module of rank g and that its cokernel is C
We deduce that we have the exact sequence:
. and therefore
Since T 0 is local complete intersection, by Proposition 3 we know that
and by combining (7) and (6), our claim follows.
We end this section by the following lemma which provides a definition of the Base Change congruence module C λ,♯ 1 .
Lemma 3. Assume that we have a base change datum T ′ θ → T λ → O as in section 2.2 such that T is local complete intersection. With λ ′ = λ • θ, we have the following short exact sequence
We have the triangle
Because T is complete intersection, we have as in the previous proof H 1 (L T /O ⊗ λ,T O) = 0, therefore taking the cohomology of the triangle (8), we have the short exact sequence
Congruence numbers associated to classical cuspforms
The purpose of this section is to recall some well-known facts about the congruence numbers associated to cuspidal eigenforms as a pretext to fix some notations. Let us fix an odd prime p and an isomorphism ι p : C ∼ = Q p so that every complex number can be considered as an element of Q p via this isomorphism. If A is an ideal of a finite extension of Z p and B is an element of Q p , we will write A ∼ B if a generator of A has same p-adic valuation as B. If A and B are two complex numbers then A ∼ B will mean that either both are zero or that their quotient is a p-adic unit.
Let f be a primitive cuspidal eigenform of weight k ≥ 2 and level N with trivial Nebentypus 3 with Fourier expansion
for all z in the Poincaré upper half-plane h. Throughout this work, we assume that p > k − 2 and that N is prime to p. Let K ⊂ Q p be a p-adic field containing the Hecke eigenvalues of f . We denote by O its valuation ring with uniformizer parameter ̟ and residue field Manin has defined periods Ω ± f ∈ C × /O × associated to f . We now recall their definitions. Let V k be the local system over the modular curve Y 0 (N )(C) associated to the representation of Γ 0 (N ) on the O-module of homogeneous polynomials of degree k − 2 in two variables X, Y , for the action (γ · P )(X, Y ) = P ((X, Y ) · t γ −1 ). Let H be the torsion-free quotient of the interior Betti cohomology
) of the local system V k over the modular curve Y 0 (N )(C). By the Eichler-Shimura isomorphism, the λ f -isotypic submodule H[λ f ] of H is free of rank 2 over O. Since p is odd, the complex conjugation acting on the pair
f . These complex number are called the Manin periods of f . They correspond to the Deligne periods of the dual of the motif M f associated to f .
We now recall the definition of the Hecke congruence number η f . We have a splitting over K:
K where the first projection is given by λ f and T c K is a finite K-algebra.
be the image of T by the second projection. We have an injective
We denote by 1 O = (1, 0) and 1 T c = (0, 1) the idempotents associated to the cartesian product on the right-hand side. Let
be the Hecke congruence module. By its second description, it is an O-algebra which is a quotient of O (and of T c ). We define the "Hecke" congruence number η f (defined up to multiplication by an element of O × ) as a generator of the ideal of O given by T ∩(O × {0}). It is also the denominator of 1 O in T. We have
We can also define the cohomological congruence module associated to M = H ± m (or, equivalently, to H ± ). We put
These O-modules are free of rank 1 and δ ± f is a basis of M O . Form the Hecke-equivariant perfect duality 4 between H + m and H − m , we know from Proposition 1 that the resulting congruence modules is independant of the sign ± and we put This congruence number can be computed in terms of the Adjoint L-function associated to f . Before introducing it and stating the main result due to Hida, we recall some useful conditions attached to the p-adic Galois representations associated with f .
For any number field E ⊂ Q, we put Γ E = Gal(Q/E) for the absolute Galois group of E and denote by ρ f : Γ Q → GL 2 (O) the p-adic Galois representation associated to f by EichlerShimura and Deligne and by ρ f : Γ Q → GL 2 (F) its reduction modulo ̟. We will consider the following hypothesis:
(Irr E ) The restriction of ρ f to Γ E is absolutely irreducible For E = Q, we will just write (Irr). Recall [Wi95, Theorem 2.1] that under (Irr) and p > k, the module H m is free over the localized Hecke algebra T and therefore that T is Gorenstein. The following condition will be also considered:
called there finite, instead of minimal). Again we will just write (Min) if E = Q. The condition (Min) is the conjunction of conditions of minimality at each prime ℓ dividing N . For instance, if ord ℓ (N ) = 1, the condition of minimality at ℓ is that ρ f | I ℓ = 1. If ord ℓ (N ) > 1 and if the reduction modulo p induces an isomorphism ρ f (I ℓ ) ∼ = ρ f (I ℓ ), minimality at ℓ holds.
Remark 1. It might be worth remarking that this minimality condition is not absolutely necessary for our results, thanks to Ihara's lemma which holds in the situation we will consider. We will nevertheless assume it for simplicity.
The following assumptions will be in force throughout the paper as it will be used to apply a result of Cornut-Vatsal and its generalization by Chida-Hsieh.
(CV) There exists a prime ℓ such that the restriction of ρ f | G Q ℓ to a decomposition subgroup at ℓ is indecomposable. For example, the condition (CV) holds if there is a prime ℓ such that ord ℓ (N ) = 1 and (Min) holds at ℓ.
f ⊗ ρ f be the adjoint representation of ρ f acting on the space of trace zero endomorphisms. For any Dirichlet character χ, we consider L(Ad f ⊗ χ, s) be the imprimitive adjoint L-function defined as follows.
where Frob ℓ stands for a geometric Frobenius at ℓ. When χ is trivial, we just write L(Ad(f ), s). Let φ(N ) := #(Z/N Z) × , the following theorem links the congruence numbers we have defined above to the special value of L(Ad f, s) at s = 1.
Proof. a) is due to Hida (see [H81] and [H88] ) and follows from the computation of [δ
in terms of the Petersson norm of f which is closely related to the Adjoint L-value at 1 by a result due to Shimura. We refer to Hida's papers for the precise computations. For b), under these hypothesis, it is known from [Wi95] using an argument essentially due to Mazur that H m is free over T and therefore η f = η coh f , so the result follows from a).
4. The case of totally real fields 4.1. Definition of periods and the integral period relation conjecture. Let F be a totally real field of degree d, O F its ring of integers and I F = Hom alg (F, Q) be the set of embeddings of
and A F = F f × F ∞ be the ring of adèles of F . Let h be the upper-half plane. The group GL + 2 (F ∞ ) of matrices with totally positive determinant acts transitively on h I F and we have GL
For any subset I ⊂ I F , let S F k (I, n) be the space of adelic Hilbert cuspforms of weight k and level U 0 (n) which are holomorphic with respect to the variables z τ ∈ h, τ ∈ I and antiholomorphic with respect to the variables z τ for τ / ∈ I. We simply write S F k (n) for S F k (I F , n). Let f ∈ S F k (n) be a cuspidal newform. Let K be a finite extension of Q p containing the Galois closure of F and the Hecke eigenvalues of f . Let O be its valuation ring.
We assume n ∩ Z = N Z and N > 3. We consider the neat subgroup
be the Hilbert modular variety of level U 1 (n). Let V F k the locally constant sheaf in O-modules on Y F associated to the module
module of homogeneous polynomials of degree n = k − 2 in two variables. We can put
). This is understood in all the definitions below.
We have the Hecke-equivariant Harder-Matsushima-Shimura isomorphism
given for each subset I ⊂ I F by
The Weyl group W F = {±1} I F acts on h I F as follows: let w I whose τ -component is −1 for τ ∈ I and +1 for τ / ∈ I, then w I · (z τ ) = (z ′ τ ) where z ′ τ = −z τ for τ ∈ I, resp. z ′ τ = z τ for τ / ∈ I. This action extends to an action on
. By the injectivity of the Harder-Matsushima-Shimura isomorphism, we have an homomorphism λ f : h F k → O giving the system of Hecke eigenvalues for our cuspidal newform f . We denote by m F = Ker λ f be the maximal ideal of h F k where λ f denotes the reduction of λ f modulo the uniformizer of O. It will always be assumed that
• (NE) m F is non Eisenstein, and • m F is n-new (that is, only n-new Hecke eigensystems occur in T F .
Note that if f = f F , the first condition is satisfied if and only if ρ f | G F is absolutely irreducible, while the second condition follows from the n-minimality condition of f , which will be assumed throughout this paper. Let T F denote the m F -adic completion of h F k . Let
. From the description of the cuspidal cohomology, it follows that N ) ) with the notations of the previous section. We also denote by φ F (N ) := #(O F /N O F ) × . We can now state the integral period relations conjecture:
Conjecture 2. Assume p is prime to the discriminant of F and to 6N φ F (N ), then:
This conjecture follows easily from the general Deligne definition of periods if the relation is up to an algebraic number. We will prove some cases of this conjecture for totally real fields which are Galois over Q of degree a power 2 when d + = d − . The main arguments are similar to the case F is real quadratic over Q. However, except in the quadratic case, we do not know how to prove such a relation when d + = d − even up to an algebraic integer.
4.2.
Main Results in the real quadratic case. In this section, F is a real quadratic field of discriminant D. We call α the corresponding quadratic Dirichlet character. Let f ∈ S k (Γ 0 (N )) be a classical cusp newform of level N with trivial nebentypus and weight k ≥ 2 and p be a prime as in the set-up of Section 3.
Theorem 6. Assume (CV) hold and that p does not divide 6N Dφ F (N ), p > k. Then, we have the integral period relation for any ǫ ∈ W F such that ǫ(−1, −1) = −1,
Proof. This is a direct consequence of Propositions 10 and 11 that are proved in section 4.6.
The proof of the previous Theorem goes through the study of the base change congruence number η
with the notation of the section 2.2 for the the base change homomrphism T F → T. The following theorem is a consequence of the previous one.
Theorem 7. Assume (CV) and that p does not divide 6N Dφ F (N ), p > k, that T F is Gorenstein, and H ǫ m is free over T F then for any ǫ ∈ W F such that ǫ(−1, −1) = −1, we have
, there is a congruence between f F and a non base change Hilbert cuspform.
Proof. Note first that from our assumption, we have
. From Proposition 7 and the previous Theorem, we therefore have divisibility
From the previous Theorem and η f F = η f F (H ǫ m ), we also have
Moreover, since T F is Gorenstein, one can apply Corollary 4. Therefore, we deduce from (9)
On the other hand, from Theorem 5 we know that
We deduce from the previous list of equivalences that all the divisibilities are equivalences, which implies our claim.
Remark 2. Actually, by following the proof given later in the imaginary quadratic case, we can prove this theorem without assuming the freeness of the cohomology over T F nor the Gorenstein-ness of T F , if we replace η
in the left hand side. In particular, the last assertion is true without these assumptions. However, since the proof above is slightly simpler assuming T F is Gorenstein, we wanted to mention it too. In particular because the congruence number factorization (Corollary 4) was our original inspiration. Notice also that these hypothesis are satisfied under reasonable assumptions (see Theorem 8 of the next subsection).
We now record some consequences towards the Bloch-Kato conjecture for Ad(ρ f ) ⊗ α. Let's recall the definition of the Selmer group first. For a number field E we put
where W f,χ = Ad(ρ f ) ⊗ K/O(χ) and for each finite place v, E v is the completion of E at v and L v is defined as follows
) if v|p and p > k where the subscripts br, f stand respectively for the local conditions at v called Good Reduction, finite as defined by Bloch-Kato. We refer to the paper of Wiles [Wi95] for the precise definitions.
Corollary 5. We assume (CV), (Irr F ), (Min F ), p > k and p does not divide 6N Dφ F (N ), then we have:
Proof. Under our assumptions, we have R = T for f and R F = T F for f F (for FontaineLaffaille or Ordinary deformation rings). Then we can rewrite the congruence numbers in terms of O-Fitting ideals of Selmer groups
hence by multiplicativity (Hida's formalism) η ♯ f = char Sel(Ad f ⊗ α). So the results follows from the previous Theorem.
In particular for a semi-stable elliptic curve, we have the following Corollary 6. If E/Q is a semistable elliptic curve of conductor N E and p a prime of good reduction not dividing 6φ F (N E ) and for which the Galois representation E[p] is irreducible over F ′ . Assume that the conductor of E[p] over Q is equal to N E , then we have
where Ω + E , Ω − E are the Néron differentials associated to E.
Proof. By our hypothesis on E, the conditions of the previous corollary are satisfied for the weight 2 cusp form of level N E , f associated to E. It follows from the previous corollary after remarking that for a Weil curve E and a prime p > 2 such that E[p] is absolutely irreducible, the Manin periods Ω Finally, let us assume that f is ordinary. We give an application to the Iwasawa theory of
where Q ∞ is the Z p -cyclotomic extnsion of Q. This is a torsion Λ-module with Λ :
Recall that for for such f , E. Urban [Ur06] has established one divisibity predicted by the Iwasawa-Greenberg Main Conjecture for Ad f ⊗α.
where L p (Ad(f ) ⊗ α) ∈ Λ is the p-adic L-function interpolating the critical values L * (Ad(f ) ⊗ αχ, 1) and χ runs in the finite order character of Gal(Q ∞ /Q). It follows from Corollary 5 that equality holds:
Corollary 7. We keep the hypothesis as in Corollary 5 and further asssume that either p is inert in F or that the L-invariant of f is non zero. Then the Iwasawa-Greenberg Main Conjecture for Ad f ⊗α holds:
Proof. The result follows after evaluating the algebraic and analytic p-adic L-function at s = 0 like in [HTU] . When p is split in F , there is a trivial zero and the non-vanishing of the Linvariant is needed as in [HTU] . On the other hand, in the case p is inert in F , the specialization on both sides gives the both sides of the equivalence of Corollary 5 which implies our claim.
The next three subsections are devoted to the study of the assumptions that T F is Gorenstein and that H ǫ m is free over T F occurring in Theorem 7 and to the proofs of Propositions 10 and 11. 4.3. Freeness of the cohomology and R = T for a totally real field. In this sectiont F is a general totally real field like in section 4.1 from which we use the notations and assumptions. We also assume that p does not divide the discriminant D of F . We first consder f a general Hlbert modular form of parallel weight k and m F the corresponding maximal ideal of the Hecke algebra h F k . We assume throughout the section that m F is not Eisenstein. Let j : X F ֒→ X * F be the minimal compactification of X F and ∂X * F = X * F −X F its boundary; Proof. 1) Since Gal(Y F /X F ) is of order prime to p, it is enough to prove that H · (∂Y F , V k (F)) m F = 0. Let S be the set of finite places dividing N and let Since the boundary of the minimal compactification of X F is 0-dimensional, the boundary spectral sequence yields a G S -linear isomorphism
As in the calculation p.535 of loc.cit., in order to apply [Har93, Sect.2.2.5], we have
Let H S be the abstract spherical Hecke algebra outside S. We have a H S -equivariant HochschildSerre spectral sequence
So we need to study the m F -localization of the left hand side of ( * ). Let T = D l × D h be the standard Levi subgroup of B and U its unipotent radical. We have then for each r ≥ 0 an isomorphism of G S -modules:
As a B-module, V k (F) admits a decreasing filtration (Fil j ) 0≤j≤b where the graded pieces W j for 0 ≤ j ≤ b are representations of the Levi quotient T = B/U . Since p is prime to N , we
where K Sp max be the standard maximal compact subgroup of G Sp , and we compute the left hand side of ( * ) via the Hochschild-Serre spectral sequence
Note that we can't use the modulo p Kostant theorem to compute exactly
because we haven't put restrictions on the weights. However, let us decompose each representation W j as a product of
By the calculation above, H
is a subquotient of modules of the form
If λ / ∈ S is a degree one prime above, say, ℓ, the action of
on such a module is of the form ℓχ 1 (λ) + χ 2 (λ), hence is Eisenstein. Hence, by irreducibility of ρ f | Γ F and by Chebotarev density theorem, there exists λ of degree one such that T λ − (ℓχ 1 (λ) + χ 2 (λ)) / ∈ m F hence the localization of the terms
at m F of the boundary cohomology vanishes. 2) After twisting by the Atkin-Lehner involution, the Poincaré pairing on H d (F )/tors is still perfect and becomes Hecke-bilinear. Therefore, by 1), its restriction to 
is torsion free, it is then enough to show that H 1 (X F , F) m F = 0 because by duality we have H 3 c (X F , F) m F = 0 and therefore H 3 (X F , F) m F = 0 by the point 1). Form these vanishing, we conclude easily that , and using the assumption that p does not divide φ(N ) and p > 2, we see that in order to prove that H 1 (X F , F) m F = 0, it suffices to prove that Hom (Γ 1 (c i , N ) , F) m F = 0. Since the Congruence Subgroup Problem has a positive answer for O F (see [BMS67] and [PlR94, Sect.9.5]), by passing to continuous homomorphisms, we can replace Γ 1 (c i , N ) by its congruence subgroup completion Γ 1 (c i , N ) , that is, by its closure in SL 2 ( O F ). it can be decomposed as a product
with Γ 1 (i, N λ ) = SL 2 (O F,λ ) for λ prime to N , and Γ 1 (i, N λ ) a pro-ℓ-group for λ|ℓ|N (ℓ rational prime). We see that for λ prime to N p,
and that for λ dividing N and prime to p,
with an Eisenstein action of Hecke operators : for any λ prime to N p, T λ = N (λ) + 1. We conclude that
Thanks to the previous proposition, we are in position to construct a Taylor-Wiles system like in the work of Fujiwara [Fu06] or Dimitrov [Dim05] . Note that Dimitrov needed a big image assumption which is no longer needed to get the same conclusion as our proposition.
Theorem 8. Let p > d(k − 1) + 1. If k = 2, we further assume that F is quadratic. Suppose that (Min F ) and (Irr F ′ ) hold, then the module H d m F is free over the localized Hecke algebra T F , and this algebra is complete intersection (hence Gorenstein). Moreover, for every character ǫ of
Proof. We just give a sketch as the techniques to reach this result are well-known and follow the same lines as the work of Dimitrov [Dim05] or Fujiwara [Fu06, Th.0.2] with the difference that Fujiwara considered the Taylor-Wiles system coming from the (localized) quaternionic cohomology module, associated either to a quaternionic Shimura curve or to a totally definite quaternion algebra as in [Fu06] . Instead, we use as Dimitrov the Taylor-Wiles system coming from the (localized) middle degree cohomology of the Hilbert-Blumental modular variety.
If either k > 2 or k = 2 and F quadratic, we therefore introduce as in [GT05,  For any character ǫ ∈ W F := Hom(W F , {±1}), let H(F ) ǫ m F be the direct factor of H ′ (F ) m F given by the ǫ-eigenspace. We apply the constructions of Section 2.1 to the T F -modules M = T F and define the Hecke congruence module
be the Hecke congruence module. We define the Hecke congruence ideal
, we also define as in Section 2.1 the cohomologial congruence module C
Let −ǫ be the character which on the basis
, by Lemma 1, we have as O-modules
The following result is a generalization of Theorem 5.
Proposition 6. Assume that the p is prime to 6N φ F (N ). We have for any ǫ ∈ W F ,
If moreover the hypothesis of Theorem 8 hold, then
Proof. The proof follows the same lines as the case F = Q and follows from the computation of [δ ǫ f , δ −ǫ f ] and the Poincaré duality established in Proposition 5. This result was also proved by Dimitrov as can be seen in [Dim05, Theorem 4.4, Theorem 4.11, Formula (19)]. When the conditions of Theorem 8, are satisfied, H(F ) ǫ m F is free over T F and therefore η f = η ǫ f which implies our claim.
We will apply this result when f = f F is the base change of our original modular form f . 4.5. Twisted adjoint L values and congruences for base change. From now on, we again assume that the totally real field F is Galois over Q with Galois group G. Let I G be the augmentation ideal of Z [G] . We have
Let us put
where D is the discriminant of F . The following statement seems well known.
Proposition 7. Assume that F is abelian over Q and that p > k − 2 and prime to
Proof. If if F is real quadratic this is due to Hida [H99] . In general, for each non trivial character of χ of G, it follows from the integral formula for this twisted L-value due to Sturm if the conductor of f is even that
One can also use the doubling method and the formula follows from [BS00] in that case. By using the conductor-discriminant formula √ D = χ∈ G G(χ) (up to a unit), the result follows. We are not giving more details as this fact won't be used in the rest of this paper when F is not real quadratic.
Similarly, we write
Recall that these numbers calculate the cohomological congruence numbers of f and f F (see Proposition 6). Let us notice the following lemma.
Lemma 4. If p does not divide the degree d of F , the homomorphism θ : T F → T is surjective.
Proof. Let ℓ be a rational prime, prime to N D. If ℓ = l 1 . . . l r decomposes in F in primes of degree f , Let t ℓ , resp. t l i , be the Hecke parameter of f , resp. f F , at ℓ, resp. l i . Thus, Tr(t ℓ ) = T ℓ and Tr(
Note that in any ring B in which f is invertible and for any s ∈ B − {0}, Q f (T, s) has no multiple root.
Let
) = 0 has coefficients in the complete local ring T ′ . it has a solution modulo its maximal ideal because the residue field F of T ′ is the same as that of T. Since p does not divide f , it has no multiple root in F. Therefore, by Hensel's lemma, it has a solution in T ′ . Hence, by Chebotarev density theorem, we conclude that T ′ = T.
Recall that if the rings T and T F are Gorenstein, that is, Hom(T, O) ∼ = T as T-modules and Hom(T F , O) ∼ = T F as T F -modules; if moreover p does not divide d and θ is surjective, it follows from Corollary 4 that there is a decomposition of the congruence numbers
On the other hand, it follows from our conjecture 2, as it was conjectured by Hida in [H94] in the real quadratic case, that we must have the integral period relation
The relation (11) implies immediately that
This together with (10) suggest the following conjecture that will be proved in the real quadratic case.
Conjecture 3. Assume p does not divide 6dDN φ F (N ) and p > d(k − 1) + 1 and that (Irr F ). We further suppose that T and T F are Gorenstein, then
Assume now that (M in F ) and (Irr F ′ ) and that p > k.
Proposition 8. Assume the conditions (Irr F ′ ), (Min F ), p > k and p prime to DN . Let F be a totally real abelian field F of degree d prime to p. Let G be its Galois group. Assume that Conjecture 3 holds, then
Proof. Under these conditions, it is well-known that 1) the deformation problem of ρ f | Γ F for deformations preserving N -minimality and the Fontaine-Laffaille condition with Hodge-Tate weights 0 and k − 1 is representable. Let R F be the corresponding universal O-algebra, 2) there is an O-algebra isomorphism R F → T F (it comes from the proof of Theorem 8).
Passing to the the relative differentials, we have an isomorphism
By an argument due to Mazur, the left-hand side is isomorphic to the Pontrjagin dual of Sel(Ad ρ f F ). On the other hand, since we know that T F is complete intersection, by Wiles
(T F have the same Fitting ideal and therefore
Since p > d, we have also the decomposition
and by Wiles criterion again, we have η f = char Sel Q (Ad ρ f ) since T is complete intersection. Now from (10) , (12) and the translation of (13) as a factorization of Fitting ideal, we obtain Proposition 9. For F real quadratic, p does not divide DN φ F (N ), p > k − 2 then for any ǫ ∈ W F such that ǫ(−1, −1) = −1,
Proof. Indeed, Hida [H99, Section 4] defines an integral linear form Ev :
and p prime to 6. It is obtained by pairing with the 2-cycle given by a modular curve inside the Hilbert modular surface X F ; he computes its effect on de Rham cohomology classes, and in particular on ω ǫ (f ), he obtains the following We can then deduce the following Proposition 10. We keep the same hypothesis as Proposition 9 and Theorem 5.b. Then, for any ǫ ∈ W F such that ǫ(−1, −1) = −1, we have the period relation:
by Theorem 5, we have the divisibilities
where the last divisibility follows from Proposition 9. Since the quotient of the right hand side by the left hand side is
, our claim follows.
Remark 3. We do not need to have the free-ness of the cohomology of the Hilbert modular surface to get this period relation.
We shall prove a weaker form of the other divisibility under the assumptions of a theorem by Cornut-Vatsal (see [C02] and [Va02] for the weight k = 2, and Chida-Hsieh [CH16] for any k ∈ [2, p + 1]), the following integral period relation holds Proposition 11. Assume p > k and that (CV) and (Irr) hold. Then for any ǫ ∈ W F , we have
Proof. The form has level Γ 0 (N ) with trivial Nebentypus) and N . Let q be the prime for which (CV) holds. We choose an imaginary quadratic field K in which all the prime factors of N other than q split while q remains inert and p splits in K. We also fix a prime ℓ prime to N p as in Cornut-Vatsal (see [C02, Theorem] and [Va02, Theorem 1.2]) and Chida-Hsieh [CH16] . Then there exists an anticyclotomic character ξ of conductor a power of ℓ such that for any χ ∈ {1, α} where α stands for the quadratic charcter associated to F/Q, we have
On the other hand, by Hida (Rankin-Selberg method)
where E and θ are respectively some Einsenstein series and Theta function with integral Fourier coefficients. Here we used that η coh f = η f under our assumptions (Irr) and p > k.
Hence, the quotient of
is a p-adic integer. Our claim follows since this quotient is equal to
4.7.
Case of totally real fields of 2-power degree over Q. Let F be a Galois totally real field with Galois group G of 2-primary order. In that case we need a generalization of Proposition 10 for a relative real quadratic extension F/F 1 . Actually, the Hida evaluation linear form is also available in this context:
given by the cap pairing with the Hilbert variety for F 1 (followed by the evaluation on the lowest weight vector)
We use this time [H99, Theorem 6.1]. With this, we can prove the following generalization of Proposition 10. Let us consider the embedding i : W F 1 → W F where, for e = (e τ 1 ) ∈ W F 1 , i(e) is defined as follows: for each embedding τ 1 of F 1 , and for τ , τ ′ the two embeddings above τ 1 , one puts i(e) τ = i(e) τ ′ = e τ 1 . Before stating our next lemma, we need a definition. Lemma 5. For F totally real and F/F 1 quadratic, assuming that p does not divide N φ F (N ), k < p, then for any balanced ǫ ∈ W F such that η f F 1 = (
Proof. We first apply Corollary 4 to the map T F → T F 1 and λ 1 : T F 1 → O (resp λ : T F → O ) is the character of the Hecke algebra attached to the eigenform f F 1 (resp. to the eigenform f F ). Let us write η ǫ
where the second inclusion is obtained using (3). Now from the Proposition 2 applied to
On the other hand, we know that η ǫ f F is generated by
Combining our assumption on η f F 1 and the previous divisibilities implies our claim.
To obtain the opposite divisibility we proceed like in Proposition (11) for the real quratic case.
Lemma 6. Assume p > (k − 1)d/2 + 1 is prime to N φ F (N )D and that CV and (M in F ) hold, then we have
(Ω
Proof. The same argument as in the proof of Proposition (11) applies by replacing the theorem of Cornut-Vatsal generalized by Chida-Hiseh by a further generalization due to Pin-Chin Hung [Hu14] to a totally real ground field instead of Q.
We are now ready to prove the following Theorem 9. Let F be a totally real field Galois of 2-power degree d over Q. Assume p does not divide 6N ϕ F (N ) and that p − 1 > d(k − 1). Further assume that CV and (M in F ) hold. Then, for any balanced ǫ ∈ W F , we have
In other words, Conjecture 2 holds for such ǫ if [F : Q] is a power of 2.
Proof. We proceed by induction on the degree of F . Notice first that the starting point of the induction is Theorem 6, so we may assume that [F : Q] ≥ 4. We choose F 1 ⊂ F like in the two previous lemmas and such that ǫ 1 is balanced. Assuming the result for F 1 will therefore insure the result for F , once we have checked that the assumptions of the Lemmas above are satisfied. This fact follows from our hypothesis and Theorem 8 applied to F 1 .
The imaginary quadratic case
5.1. Differential forms and periods. Let F be an imaginary quadratic field of discriminant −D prime to N p. We denote by d ⊂ O F its different ideal and by α = ( −D · ) the associated quadratic character. We now consider the space S F k (N ; C) of cuspidal Bianchi modular forms of parallel weight k and level N . Let us recall that an element f ∈ S F k (N ; C) is a function on GL 2 (F )\ GL 2 (A F ) taking values in L(2n + 2, C) := C[S, T ] 2n+2 that we identify with the subspace of polynomials in the two variables (S, T )which are homogenous of degree 2n + 2 with n = k − 2,
satisfying the following conditions:
2 ).f where D 1 and D c are the two Casimir operators attached to the two embeddings of F into C,
We will say that f is a primitive eigenform if the span of the translates under the action of GL 2 (A F ) of the f i is an irreducible cuspidal representation that we will denote π(f ). Any f ∈ S F k,k (N, C) has a Fourier expansion of the form
with K α the modified 5 Bessel function of order α. Here ξy f d is identifed with a fractional ideal of O F and a(m, f ) ∈ C is zero except if m is integral. We moreover say that such an f is normalized if a(O F , f ) = 1. Finally we say that f is primitive and normalized if we have the relation
where L(π(f ), s) stands for the standard L-function of π(f ). Conversely, for any irreducible cuspidal representation π = π ∞ ⊗ π f of GL 2 (A F ) whose archimedean component π ∞ is a principal series with central character z → |z| −n C with Casimir operators acting with the eigenvalue n+n 2 /2 and with π
Consider the (adelic) Bianchi threefold of level N :
Recall that for i = 1, 2, there are Hecke-linear Harder-Matsushima-Shimura isomorphisms
5 Kα satisfied the differential equation given below (see [Ur95] or [H94] ). The differential forms ω i (f ) are defined by the formula
We now define periods attached to normalized primitive forms. Let f be such a form and O f the ring of integers containing O F and the Fourier coefficients of f . Then the O f -module ) of the localization of this module at ℘. We define therefore the periods
f . When ℘ will be obvious from the context, we will just write u i (f ) for short.
Let h F k (N, O) be the Hecke algebra generated over O by the Hecke operators acting on the cohomology 
Since by our assumptions, V F k,k (F) is irreducible as U F 0 (N )-module and has no invariant if k > 2 and the Hecke action on it is Eisenstein when k = 2, the claim follows.
To have a better understanding on the cohomology in degree 2 which may have torsion in general, one needs to use the existence and properties of Galois representations attached to Hecke eigensystems and the modularity lifting theorem technics. Recall that it follows from the work of M. Harris, K.-W. Lan, R. Taylor and J. Thorne [HLTT] , that there exists a Galois representation ρ f : Γ F → GL 2 (O) associated to f . This results was proved also independantly by P. Scholze [Sch15] -who included the case of certain torsion classes -whose work was further refined by J. Newton and J. Thorne in [NT16] and later by the work [CGHJMRS] .
We will say that m is minimal if ρ f is a minimal lift of ρ f := ρ f (mod ̟) if it satisfied the conditions (1) to (8) of [CaGe14, 5 .1]. The following theorem gives the structure of the cohomology in degree 2.
Theorem 10. We suppose that p > k and N is prime to p and that p splits in F . Then, if m f is non-Eisenstein and (Min F ) holds, the following facts hold.
(i) There is a presentation of T m f of the form
) m f is free of rank one over T m f . Proof. This follows from the work of F. Calegari and D. Geraghty in [CaGe14] under the condition that some conjectures about the existence and properties of Galois representations attached to torsion classes in H 2 (X F , V F k,k (O)) m (see also the work of D. Hansen [Han12] ). These conjectures are now proved in our special case thanks to the works [ACC+, CGHJMRS] . The result of [CaGe14] is in terms of the homology H 1 (X F , V F k,k (O)) m but this is an easy exercise to see that there is a canonical isomorphism
Let us also record the following lemma that will be useful in the next section.
Lemma 8. Let W F N be the Atkin-Lehner involution on X F and assume that p > k − 2, the twisted cup-product [x, y] = x ∪ W F N y induces a perfect pairing
Proof. This follows from the Poincaré duality theorem [Ur95, Theorem 2.5.1], 5.2. Base change and congruence ideals. We consider now a cuspidal newform f ∈ S k (Γ 0 (N )) of weight k ≥ 2 like in section 3 and a prime p satisfying the conditions of that section from which we will use the notations.
Let now f = f F ∈ S F k,k (N ; O) be its normalized base change to F . This is the normalized eigenform attached to the quadratic base change π(f F ) to GL 2 (A F ) of the cuspidal representation attached to f . We will denote by m F the maximal ideal of h k,k (N ; O) associated to f F and T F the corresponding localization at m F . For i = 1, 2, we also write for short 5.3. The integral period relation and base change congruence ideal. We keep the notations and hypothesis for f as in the previous section. We prove a first p-adic divisibility of periods:
Proposition 13. Assume that p > k − 2 and is prime to N Dφ F (N ), then we have
Proof. Let X ⊂ X F be the modular curve view as a 2-cycle of the Bianchi orbifold via the natural embedding of GL(2) /Q into GL(2) /F . Let us consider the linear form Proof. Recall that from Theorem 5, we have
On the other hand, from the point (iv) of Lemma 9, we have
where a = Ω + f Ω − f u 1 (f F ) ∈ O thanks to Proposition 12. From (17), we therefore deduce that
On the other hand, from the point (ii) of Lemma 9, we have
We note that because of the minimality condition, we have #H 1 f (Q ℓ , W n ) = #H 0 (Q ℓ , W n ) for all ℓ|N . Now since H 0 (R, W n ) = (O/̟ n O) 2 (because α is odd ) and #H 1 f (Qp,Wn) #H 0 (Qp,Wn) = q n , we get
We conclude using the exact sequence
From (18), we indeed deduce that #X 1 (Q, Ad(M f )(1) ⊗ α)[̟ n ] = #H 1 f (Q, W n ) for all n > 0. Our claim follows now invoking the finiteness of H 1 f (Q, Ad(ρ f ) ⊗ α).
Let us now relate our result to the Bloch-Kato conjecture.
Theorem 12. Assume that p, D and N are relatively prime and p > k, (Irr F ) and (M in F ). Then, we have
Proof. Since R F ∼ = T F by the work of Calegary-Geraghty, using Mazur's isomorphism, we know that Sel(F, Ad(ρ f ))
Moreover by Theorem 10, Lemma 9 and Theorem 11.(iii), we have
Therefore it follows from Proposition 4 that
Now we know that char Sel(Q, Ad(ρ f )) = η f by Wiles since R Q ∼ = T is complete intersection. We therefore get char Sel(Q, Ad(ρ f ) ⊗ α) = η
and we can conclude using Theorem 11.(ii).
The following Proposition is independent of our results on period relations. We record it with the hope it shed some light on the structure of the Selmer group of Ad(ρ f ) ⊗ α. Proposition 14. We keep the notations and hypothesis as the previous Theorem. Then, we have an isomorphism Sel(Q, Ad(ρ f ) ⊗ α)
where H 2 (F ) ♯ = H 2 (F ) ⊗ T F Ker θ with θ : T F → T is the base change homomorphism.
Proof. It follows from Lemma 3 and the fact that H 2 (F ) is free over T F by Theorem 10.
In our situation, a special case of a conjecture of [PV16] gives a canonical identification respecting the rational structures
where H i f F stands for the f F -part of the degree i singular cohomology of X F with coefficient in K f . In other words, u 2 (f F ) −1 u 1 (f F ) · R f,α ∈ K f If we take into account Theorem 11.(i), the following conjecture is therefore an integral version of (19).
Conjecture 5. Assume that p > k and is prime to N , then the following holds:
We deduce Proof. This is immediate from Theorem 12 and Lemma 10.
